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Abstract 


In this paper, we study the following class of nonlinear Choquard equation. 


Au + a{z)u = K{u)f{u) in 


where x R^, L >2, K{u) — |.| ' * F{u), 7 € (0, N), a is a continuous real function and F 

is the primitive function of /. Under some suitable assumptions mixed on the potential a. We prove 
existence of a nontrivial solution for the above equation. 
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1 Introduction and main results 

The aim of this paper is to study the existence of nontrivial solutions for the following nonlinear 
Choquard equation family 



—Au + a{z)u = K{u)f{u), 
u>0 em 


where K{u) = |.| * F{u), 7 C (0, N), a is a nonnegative continuous real function and F is the primitive 

function of /. 
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This problem comes from observation of waves solutions for a nonlinear Schrodinger equation of the 


kind 


= + in (1) 

In this context, W is the external potential and Q is the response function possesses information on 
the mutual interaction between the bosons. This type of nonlocal equation is known to influence the 
propagation of electromagnetic waves in plasmas [5] and also plays an important role in the theory of 
Bose-Einstein condensation [10]. It is clear that solves the evolution equation (1) if, 

and only if, u solves 


-Au + a(z)u=(Q(z)*lul‘^)lul‘^-^ in (2) 

with a(z) = W{z) — E. 

When the response function is the Dirac function, i.e. Q{z) = 5{z), the nonlinear response is local 
and we have the Schrodinger equation 


— Au + a{z)u = \u\‘‘ in R^. (3) 

This equation has been studied extensively under various hypotheses on the potentials and the nonlin¬ 
earities. We may refer to ID, m, i, 0, m and the references therein. 

In this paper, we study the existence of nontrivial solutions for a class of Schrodinger equation with 
nonlocal type nonlinearities, that is, the response function Q in (P) is of Coulomb type, for example 
then we arrive at the Choquard-Pekar equation. 


— Au + a{z)u 


in R^. 


(4) 


We know that, most of the existing papers consider the existence and property of the solutions for 
the nonlinear Choquard equation (P) with constant potential. For example: in [13] . Lieb proved the 
existence and uniqueness, up to translations, of the ground state solution to equation (4). Later, in [15] . 
Lions showed the existence of a sequence of radially symmetric solutions to this equation. Involving the 
properties of the ground state solutions, Ma and Zhao [18] considered the generalized Choquard equation 
(4) for q > 2, and they proved that every positive solution of (4) is radially symmetric and monotone 
decreasing about some point. 
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Involving the problem with nonconstant potentials, we have 


- Au + a{z)u= f{u) in (5) 

where o is a continuous periodic function with infj^N a{z) > 0, noticing that the nonlocal term is invariant 
under translation, it is possible to prove an existence result easily by applying the Mountain Pass Theorem, 
see [1] for example. In [2], Alves, Figueiredo and Yang, they made a very interesting work for the case 
generalized Choquard equation with vanishing potential. 

Looking at the various works cited above and others, we observe the lack of existence of results, for 
mixed potentials with different characteristics in each entry, i.e., considering x R'^ and 2 G R^ 

as z = {x,y), X G R^ and y £ R*^, a{x,y) has different characteristics for each variable. This led us to 
seek solution to some kinds of mixed potential. 

In all cases we study, / : R —>■ R is continuous and satisfies: 

(/o) |/(s)| < Co(|s|«i"i + |s|'f ^), where qi,q 2 > 1 with < qi < q 2 < 

(/i) is increasing and unbounded in t > 0; 

(/2) f(t) > 0 in t > 0 and f{t) = 0 in t < 0. 

The first mixed potential is the symmetric-coercive type, i.e., a : R^ x R'^ —^ R continuous, where 
L > 2, such that, 

(ao) There exists R > 0 such that a{x,y) > uq, for all z G 5^(0), z = {x,y) and a(z) > 
0, for all z G R^, 

(tti) a{x,y) —00, when |y| —>■ oo uniformly for x G R^; 

(02) a{x,y) = a{x',y) for all x,x' G R'^ with |a;| = \x'\ and all y G R^. 

In this case, the obtained solution u G iL^(R^) is such that, u{x, y) = u{x', y), always that x, x' G R^ 

with |a:| = |a;'| and all y G R^. To do this, we will make use of m, wherein the authors prove a 

compactness embedding lemma and a principle of symmetric criticality. In fact, we prove: 

Theorem 1. Assume (oq) — ( 02 ) and (/o) — (/ 2 )- Then, problem (P) has a positive solution. 

The second mixed potential is the periodic-coercive type, i.e., a : R'^ x R^ —> R continuous, such 
that, satisfies (oq), (oi) and 
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(as) a{x,y) = a{x +p,y), for all x S M.^,y S and p G 


In fact, we prove: 

Theorem 2. Assume (oq), (oi) and (as) for a and (/o) — (/ 2 ) for f. We have that, the problem (P) has 
a positive solution in the level of mountain pass. 

The third and last mixed potential we work is the asymptotically periodic-coercive type, i.e., a : 
X R continuous, such that, satisfies (oq), (oi) and 

( 04 ) There exists a potential Op : R^ x R*^ —>• R continues such that, satisfies (oq), (oi), ( 03 ) and 

1. There exists y > 0 such that, 

a(z) < ap(z) < ya(z), for all z G R^ 

where, ”a{z) < ap{z)”, means that, there exists C R^ with |fl| > 0, such that, a(z) < ap(z) for 
all z G ri; 

2. \a(x,y) — ap(x,y)\ —>■ 0, when \y\ — > 00 , uniformily for x G R^. 


In fact, we prove: 

Theorem 3. Assume (oq), (oi) and ( 04 ) for a and (/o) — (/ 2 ) for f. Then, problem (P) has a positive 
solution. 


Remark 1 . 1 . In our study, it was not necessary that the nonlinearity f verifies the Ambrosetti-Rabinowitz 
type superlinear condition for nonlocal problem, see m, that is, there exists 9 > 2, such that 

0 < 6F(s) < 2f(s)s, for all s > 0, 


we often found this hypothesis in work on this subject. Under this condition, all results theorem 1, 
theorem 2 and theorem 3 are true replacing (fi) by Ambrosetti-Rabinowitz condition. 


Remark 1 . 2 . A common hypothesis in the work when do not have the Ambrosetti-Rabinowitz condition, 
is the condition 


r Fit) 

hm —— = 00 , 

t -J-oo U 

but, it is easy to see that (fi) implies the above condition. 


Notations 

We fix the following notations, which will use from now on. 
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• z =M.^ X is given by z = {x, y), such that, a; e R-^ and y G R^. 

• Bfi{z) denotes the ball centered at the z with radius i? > 0 in R'^. 

• L®(R^), for 1 < s < oo, denotes the Lebesgue space with the norms 

Hs = ( [ H'^dz 
\J-R" 



or 


|M|s = I / \u\''dxdy 

xR“ 


denotes the space of the functions infinitely differentiable with compact support in 
We denote the inner product of i7^(R^) by 


and the norm 


{u,v)h^ = / VuVu + uudz 


\u\\h^ = [ |Vu|^ + |u|^dz 

/RJV 


• From the assumptions on a, it follows that the subspace 

Ea = {u G I a(z)|M|^dz < 00} 

JRN 

is a Hilbert space with norm defined by 


lull := I / |Vuf + a(z)|ufdz 


and Ea ^ id^(R^), continuously. 


2 Common properties of the problem with Mixed Potential 


We would like to make some comments on the assumptions involving the nonlinearity /. We intend 
to use variational methods, this way, we must have: 



* E{u))F{u)dz 


< 00, 


for all u G Ea- 


To see that above property occurs, it is very important to recall the Hardy-Littlewood-Sobolev in¬ 
equality, found in [14], which will be frequently used in the paper. 
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Theorem 4. Let p,r > 0 and 7 G (0,N) with 1/p + j/N + 1/r = 2. If f G Lp(R^) and h G 
then there exists a sharp constant C := C{p, N,"f^r) > 0, independent of f and h, such that 




f{x)Ky) j , ^ r'\-t\ i?.i 
I 1 ^ dydx < C^l/lpl^lr- 


By (/o), 

IN 2N 2N 

< Co{\u\‘^^ + ^ |F(m)|57^ < C'odul'’^^^ + 


as, 


2 < qi: 


2N 


thence, F(u) G 


2 iV -7 
. Now, note that. 


< 92 


2N 


2N-J 


< 2 * 


2N — 7 7 

- - + — = 2 

N N 


thereby, by Hardy-Littlewood-Sobolev inequality. 


K{u)F{u)dz 


< Cq\F(u)\ ^ 2 N < 00 . 

2N-~y 


From the above commentaries, the Euler-Lagrange functional I : Ea 


associated to (P) given 


by 


^ [ \yu\^ + a{z)\u\^dz — f K{u)F{u)dz, 

2 Jr" 2 J-g^n 

is well defined and belongs to with its derivative given by 

I'{u)p= / y uS/q} + a{z)updz — / K{u)f{u)pdz, 

Jr-w Jr^ 

for all u,cp G Ea- Thus, it is easy to see that all the solutions of (P) correspond to critical points of the 
energy functional I. 

We have that, / verifies the mountain pass geometry, through of arguments well know in the literature. 
Lemma 5. Assume 7 G (0,JV), (ag) and (fg) — (/ 2 ). Then, 

(1) There exist p,dg > 0 such that > i^o > 0/ 

(2) There exist (p G Ea with ||i^|| > p such that Kpp) < 0. 


By the mountain pass theorem, see m. there is a Cerami sequence (u„) C Ea, such that 

I{d^n) ^ C-a 6 I {Unf{Ujfj ^ 0, 
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where 


and 


Ca '■= inf max I (ait)) > 0 
aGrte[o.i] 


r:= {a gC'([0 , !],£;„); a(0) = 0 e /(a(l)) < 0}. 


The following lemma will be useful to prove our results. 

Lemma 6. Let (un) C Ea such that (I{un)) is bounded and ||Mn|l —> oo, then, Wn = is such that 
Wn ^ w in Ea, where w < 0 a.e. in 


Proof. Since (wn) is bounded in E, there are w & Ea and a subsequence, still denote by (wn), such that 
(wn) ^ ic in Ea- For all i? > 0, we define 

:= {z G \z\< R e w{z) > 0}. 

We claim that |n| = 0, for all R> 0. Suppose by contradiction that |fl| > 0, for some R> 0. Thus, 

/(■u„) = C + 0„(1) [ K(Un)jr^^-^dz = 1 + Onil) 

jRn \\Unr 

from where it follows that, 

f K(un) ^^'^]ll dz < 1 + 0„(1). 

Jn \\Un\r 

By Remark 1.2, for all M > 0, there exists 5 > 0 such that 

F(s) 

— 5 — > M, for all s > S 


thence, for 

G„:={zGR'^; Uniz)>S} 

we have to, 

[ K(Un)^^'^^^ w'idz < 1 + On(l) 

JnnG„ < 

where. 

M I K (Uniw^dz < 1 + Onil) ■ 

JQnGn 

Note that, for z Gfl, from n large enough m„(z) > <5, because, w„(z) —>■ 

Now, for z G LI, 

n large enough. 


K(un)iz) > E(6) [ xnnG„{z')\z - z'\~^dz' 
Jr" 

and so 

liminf if (m„)(z) > E(S) > 0. 
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Therefore, 


by Fatou lemma, 


consequently, |n| = 0. 


Mliminf / K{un)w^dz < 1 
JnnG„ 

MF{S) I w^dz < 1, for all M > 0, 
JQ, 


3 Symmetric-Coercive Case 


In this case, due to the lack of compactness, we restrict / to a subspace of Ea, given by 

E =:{uG Ea, u{x, y) = u{x', y), \x\ = \x'\} 


thus, E is Hilbert space under the scalar product. 


{u,v)e 



(VuVu + a(z)uv)dz. 


Thus, we have the lemma: 

Lemma 7. E is continuously immersed in if s G [2,2*] and compactly immersed if s G (2,2*). 

Indeed, first of all, we are going to prove that if condition (ag) is valid then the Banach space E is 
continuously immersed in T®(K.^) for all s G [2,2*]. Notice that (oq) yields that. 


\u\'azG- I |u|'c(2; s / \u\‘^dz + aQ^ / a(z)lul^(i2: < Cl]'ul]|;, 

/ b '^ ' ' J\z\>R J\z\>R 


\u\‘^dz= / juPdz + / lul'^dz < / + On 


where we use the continuity of the Sobolev embedding for bounded domains. On the other hand, the 
Sobolev-Gagliardo-Nirenberg inequality asserts that there exists positive constant S such that 


/ \uG dz < S I \Vufdz. 

/B'^ 


Therefore, from inequalities above, we have the continuity of the embedding for s = 2 and s = 2*. The 
continuity of the immersion for a fixed s G (2, 2*), follows from the following interpolation inequality 




where t G [0,1] is such that 1/s = (1 — t)/2 + 1/2*. 


Now, assuming (oq) — ( 02 ); we are going to prove the compactness of the embedding of the spaces E in 
for s G (2,2*). Let (un) C E bounded, so, {un) is bounded in thus, Un ^ u in 

Setting Vn = u„ — u, we have, by Lion’s Lemma: 



(A) There exist {zn) C and p^R > 0, such that 


or 


L 


\dz > p > 0 


BR{zn) 


for all n G N, 


(B) Vn —> 0 in for all q G (2, 2*). 

If (A) occurs, we have that (jjn) is bounded in Indeed {vn) is bounded, thus, there exists A > 0 
such that, 

< p, for all n G N 

so, noticing that, there exists A > 0 such that, 

a{x,y)>A, for all y G B^(0) 
if (ijn) is unbounded, for n large enough, then 

{x,y) G BR{xn,yn) ^ |y| > A ^ a{x,y) > A 


thus, 

0<p< [ \vnfdz<Y [ a{z)\vn\'^dz < < p, 

JBR{x„,yn) JBR{Xn,yn) 

which is a contradiction, therefore, {yn) is bounded. And so, there exists A > 0 such that |?/„| < A for all 
n G N. Therefore, for R = R + X, we have 

BR{Xn,yn) c B^{xn,0) ^ dz > p > 0, for all n G N. 

Jb^{x„,o) 


If (xn) is unbounded, without loss of generality we can assume that, for every n G N, \xn\ > nR. 
Thus, there are at least 3n balls of ray R, disjointed and centered at points (x, 0), for \x\ = |a;„|. We 
denote by J such finite set of centers, and so 


\v„\ dz 


, 0 ) 



for all {x, 0) G J 


thus, 

/ \vn\'^dz \vn\'^dz > 3np 

(x,o)eJ'^ 

and this is a contradiction because, (f„) is bounded. Therefore, (xn) is bounded. Which also creates an 
absurd. And so, (B) is valid and we have the compact immersion. 


The proof of these immersions can be made using Lemma III.2 pp. 321 of but, we choose this, 
because it is simpler. 
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We seek critical point of I\e, and by principle of symmetric criticality in |19| . this point is critical in 
I ■ Ea -1 R. 

It is very important to note that, the lemmas above are valid, replacing Ea by E. Now, 

Lemma 8. If Vn v in E, then 


and 


lim f K{vn)E{vn)dz = ( K{v)F{v)dz 

n >00 Jjjjv 

lim [ K{Vn)f{Vn)Vndz = [ K{v)f{v)vdz 

I >-00 JrAT jRiV 


Proof. Note that, Vn v in E. Thus, from compact immersion of E in L®(K^) for s G (2,2*), 
Vn{z) —^ v{z) and E{vn{z)) —>■ E{v{z)), a.e. in and Vn — v in L‘(]R^), t G (2, 2*). Now, recalling 
that, 

2iV 2IV 2N 


and 


2Af 2N 

2 < 917777 - — 92 7777 - < 2 , 


■ 2iV - 7 - ^ 2iV - 7 

2N 

we have, using the dominated convergence theorem and the fact that S : 
given by E(ui) * w is a linear bounded operator, that 

K{vn)—> K{v), em 

Using similar arguments, we show that 

fivn)vn—> fiv)v and fivn)v^f{v)v in L^^(R^). 


Therefore, 


and 


/ K{Vn)f{Vn)Vndz 
JR^ 


K{v)f{v)vdz 



K{Vn)f{Vn)vdz 



K{v)f{v)vdz. 


Lemma 9. Let {un) C E such that I{un) —> Ca and I'{un){un) — > 0, then, (un) is bounded in E. 

Proof. Indeed, otherwise, ||u„|| —>■ oo. Setting, = u„/||u„||, we have from Lemma 6 

Wn ^ w in E, 
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with w < 0. We can check that, Lemma 8 implies that 


lim / K{wn)f{wn)wndz = 0. 

n -s-oo 7 jjjv 

Now, note that, for all n G N, 


there exists G [Ojl]) I{tnUn) = max 

se[o,i] 

Thus, given i? > 0, for n large enough, 

(R \ R?" 1 f 

Ti-o / K{Rwn)F{Rwn)dz 

llWnll J 2 2 J^N 


so, 

r2 

from where it follows that, 

liminf= oo, 

n —>-oo 

as /(O) =0 and /(m„) —>■ Ca, we have that G (0,1). And so, /'(t„u„)(u„) = 0 and I'{tnUn){tnUn) = 0. 
Thus, 

(^tnUn) — ^d{tnUn) d {tn1ln){tntin) — T / d^ {inUn)[f {tjiUji)[tjiUji) 2F (^t^Un^^dz 

JR«‘ 

consequently, 

4/(t„u„) < ||u„|p + / A:(u„)[/(u„)(m„) - 2F(M„)]dz = 4/(u„) - /'(u„)(m„) = 4/(m„) + o„(l), 

Jr^ 

a contradiction. Therefore, (u„) is bounded. 


Note that, we have actually proved that, the Cerami sequence (m„) is bounded in E, and so, Un ^ u 
in E. From where it follows that, 

l\Un){Un) = On(l) and R{Un){u) = On(l) 


SO, 


and 


Therefore, 


thence, 


ill — / f {,'^n^'^ndz -\- 


hlP = / K{Uri)f{Un)udz + On{l). 




em 


E. 


Applying arguments above, easily, we have the Theorem 1. 


11 



4 Periodic-Coercive Case 


Everything that was studied until the Lemma 6 is hold for this new potential. Now, we prove a 
version of Lemma 8 for this new potential. 

Lemma 10. Let {un) C Ea such that I{un) —> Ca and I'(un)(un) —> 0, then, (un) is bounded in Ea- 

Proof. Firstly, note that, without loss of generality, > 0 in , for all n G N. We claim that, (u„) is 
bounded in Ea- Indeed, otherwise, ||u„|| —> oo. Setting, Wn = u„/||u„||, we have 

Wn ^ w in Ea, 

with w < 0. By Lion’s Lemma, one of two situations occurs: 

(i) For all q G (2, 2*), 

lim / w^dz = 0. 

n hoc Jjjjv 

(ii) There exists R,ri > 0 and (xn) C such that, 

lim inf / w'^dz > r/ > 0. 

n s-oo JBR(a:„.0) 

In truth, the Lion’s Lemma, ensures that (i) or that for every R > 0, there exists (5 > 0 and (Zn) C 
Zn = {Xn,yn), SUCh that 

/ \wn\‘^dz > 6 > 0, for all n G N. 

J BR{Xn,yn) 

But, note that, 

Claim 4.1. (i/„) is bounded in R^. 

The proof of such a claim is similar to what we did at the beginning of section 3. 

By the claim above, there exists A > 0 such that, |?/„| < A, for all n G N. Then, clearly, 

BR{xn,yn) c for all nGN 

where R = R + Thus, 

0 < d < / \Wn\‘^dz < / \Wn\'^dz, 

J Bli{Xn,yn) JBfj^{Xn,0) 

to facilitate, replace R by R. Now, for all n G N, consider G such that, \xn — Xn\ < VL- Then, for 
R = R + \/L, we have 

BR{Xn,0) C B^(^Xn,0^, 
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hence. 


0 < (5 < 


IwJ'^dz < 


lunfdz, 


f BR{Xn.yn) 


B p^{Xn-,Q) 


It is then guaranteed that, indeed, {i) or [ii) is hold. If {i) occurs, the result follows as the Lemma 
5. Now, if (ii) occurs, setting w„(z) = + Zn), where Zn = (a;„,0), next, ||wn|| = ||w„||, so, (wn) is 

bounded in Ea- Thus, Wn ^ w in Ea and then. 


liminf / wf^dz = liminf / w'^dz > rj > 0 

n s-oo Jbr(O) " ./Bk(z„) 


and so. 


and w 0. Now, as 


'Br(O) 


w'^dz > 77 > 0 


/(■u„) = Co + 0 „( 1 ) ^ f K{Un) ^^'^]ll dz = I + On(l) 


then, 


irf \^('Wn) 2 

K{Un)—^W„ 


dz<l + On{l)^- [ widz < 1 + 0„(I). 

J Bnizr,.) 


/R" JBr(z„) 

By changing variables and assumption of /, defining 


Gn — {2' G K ; Un{z + 2„) > 5}, 


we have for M > 0 , that 


M 


/BK(0)nG„ 


K{Un){z + Zn)wldz < I + 0„(I). 


On the other hand, by E{s)/s‘^ is increasing for s > 0, we have 


K{Un){z + Zn) > WUnW^ 


/R" 


E{Wn{z)) 
\Z- {zE Zn)[ 


-dz 


thus, 


K{Un){z + Zn) > \\Un\\^ K{Wn){z + Zn) ■ 

Therefore, by changing variables, K(wn){z + 2 „) = K{wn){z), thus, 


1 + o„(l) > Mlluolp 
By the properties of E, 


'BR( 0 )nG„ 


K{wn)iz)wldz = M\\Unf / XG„iz)K{Wn)iz)wldz. 

Jbr{0) 


thus. 


Kiwn)iz)> [ XBR{0)nGAz)\z- z\ '^dz, 

\\Un\r Jr^ 

1 + 0 „(I) > M.F{5) f XG„{z)wl{z)Xn{z)dz 

JBr(O) 
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where, 


Xniz)= / XBR{ 0 )nGAz)\z - z\ ^dz. 

Jr" 

For z G Br{Q), a. e., z G G„ for n large and liminf„_ >00 Xn{z) > 0, we got that, 


1 > Ms / w'^dz > Msr] > 0 . 
Jbr(o) 


A contradiction. Therefore, (un) is bounded. 


We got that, (un) C Ea is bounded, so, u„ ^ u in Ea- Clearly, I'{u) = 0, then, u is solution of 
problem, not necessarily nontrivial. Thus, we need. 

Lemma 11. There exist (x„) C such that (wn) C Ea, given by Wn{x,y) = Un{x + Xn,y), weakly 
converges to a function w G Ea with w ^ 0 and I'(w) =0. In other words, w is a solution nontrivial. 


Proof. Firstly, we have the claim: 

Claim 4.2. For all R> 0, there exists d > 0 and (zn) C such that 

/ \un\^dz > d > 0, for all n G N. 

JBt,(z„) 


Indeed, otherwise, by Lion’s Lemma, Un —> 0 in for all q G (2,2*). Thus, Un — > 0 in 

Ea- A contradiction. Consequently, similarly to what we did in Lemma 10, there exist R,6 > 0 and 
(x„) C such that, 

/ u^dz > S > 0. 

J Bu{Xn,0) 

Setting, Wn(x,y) = Un{x + Xn,y), we have ||wn|| = llwnll, and so, as (t 6 „) is bounded, (w„) is bounded 
too. Hence, ^ w in Ea, consequently, Wn —^ w in for all s G [2,2*]. Thus, Wn — w in 

but, 

0 <d< / \un\‘^dz = / \wn\‘^dz 

a BR{xn,0) JBii(0) 

and so, m 0 . 

Claim 4.3. w is critical point of I. 


Indeed, note that 


I{.Wn) — 2 ^*^ 2 ^^ 


where. 


An = iVwnl"^ + a{z)\wn\‘^dz and = / K{wn)F{wn)dz. 
Jr" Jr" 
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By periodicity, 


= / |Vm„P + a(z)|u„pdz 


and, by changing variables, we have 


= I K{un){z)F{un){z)dz. 
/R'V 


Hence, 


I{Wn) = I{Un) -)■ Ca- 

On the other hand, for tp G Ea with ||</j|| < 1, proceeding analogously, we have 

\l'{Wn)p\ = \I'{Un)(piz - Zn)\ < ||/'(u„) ||. || (^|| < ||/'(lt„) 


where consider Zn = (xn,0) and , then, |l/'(rt;„)|| —> 0 when n —> oo. Therefore, w is a nontrivial 
critical point of problem. 


By assumptions on /, we have w > 0, thus, by the weak maximum principle, in [12) . we have w > 0. 

We find the solution we wanted, but, we are not sure of being a ground state solution. But, note that, 
Wn ^ w in Ea, and so 

Wn(z)—> w{z) and K(wn)f(wn)wn{z)—> K{w)f{w)w{z) a.e. in 

Moreover, 

llrulP = [ K{w)f{w)wdz, 

Jrn 

thus, by Fatou’s Lemma, 

I(w) = I{w) - i/'(w)(w) < lim fl{Wn) - ^l\Wn)Wn 

^ n —^oo \ ^ 

therefore, I{w) < Ca- 

To be w ground state solution, we have the theorem below: 

Theorem 12. Let N = {u G Ea\ I'{u){u) = 0} \ {0}, the Nehari manifold of I. Then, 

Ca < inf /. 

N 

Proof. Let u G N. For t > 0, we got 

Htu) = - \ f K{tu)F(tu)dz 

2 2 Jrn 
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and 


0 =/'(u)(u) = ||m|P — [ K{u)f{u)udz. 


Moreover, using properties of /, we have that 

■^[I{tu)] >0, if t < 1 and ^[I{tu)] <0, if t > 1. 

(JjL LLL 


Therefore, 


ma,x I (tu) = I(u) 
t>o 


and so. 


inf max I(a{t)) < I{u), Vm £ N. 
aerie[o,i] ^ ^ - 


Consequently, 


Ca < inf I. 

N 


This proves the existence of a solution in the mountain pass level, i.e., thus proving the theorem 2. 


5 Asymptotically Periodic-Coercive Case 


Note that, associated with potential a„, we have the problem: 


(Q) 


—Au + ap(z)u = K(u)f{u), 
u £ u > 0 in K 


As in the problem (P), we must find solution in a space of type i?o, i-e., in the Ea^, analogous to Ea- 
Now, note that, Ea = Ea^ and, ||.||£;„ and are equivalents. 

Consequently, we have that, the energy functional of problems (P) and (Q) are I,J:E —R, defined 
respectively by: 

/(u) = i f \'\/u\^ + a{z)\u\^dz — f K{u)E{u)dz 

2 JRN 2 J-g^N 

and 

^ [ \Vu\‘^ + ap{z)\u\'^dz — I- f K{u)F{u)dz. 

2 2 JgN 

These energy functionals check up the mountain pass geometry. For J, exist (u„) C E such that, 

I{un) —Ca and /'(m„)('u„) —S> 0 . 
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Similarly to what we have already done, (m„) is bounded in E, with any of the norms ||. || £„ and | • |1 ■ 
And so, Un ^ u in E, Un{z) — u{z) a.e. in and Un — >■ u in for s G [1,2*). Moreover, 

I'{u) = 0. We need to ensure that Uy^O. 

Claim 5.1. u ^ 0. 

By the previous case, there exists w £ E positive, such that 

J(w) = Cap and J'(rc) = 0 
where Ca^ is the level of Mountain Pass for J. 

Lemma 13. The levels Ca and Ca^ satisfies Ca < Cap- 

Proof. Clearly, by definition, we have that Ca < Cap- For ru, consider the path 

5w{t) = tsw, for all t £ [0,1] (Sw £ F) 


where s is fixed, such that 

So, 


/(sw) < 0. 


Co < max I(6uj(t)) = max I (tsw) < uiaxlirw) = I (row) < J(row) < iiiaxJ(rw) = J(^w), 

tG[0,l] ie[0,l] r>0 r>0 


thus. 


Co < J(w) = Cap ■ 


Now, note that, if u = 0, we have: 

Lemma 14. 


\I{un) - Jiun )\—0 and ||/'(m„) - J'(m„)||—0. 


It is very important to highlight, as (m„) is bounded in E, that there exists M > 0 such that H'Unll < M, 
for all n G N. Thus, as for all e > 0, there exists i? > 0, such that 


a{x,y)>-, \y\>R, 

e 


we have. 


/ \un\‘^dz < / ea{z)\un\'^dz < e / a{z)\un\‘^dz < eM, 

J\y\>R J\v\>R J\v\>R 


I\V\>R 


\v\>R 
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for interpolation, 


j \un\'^dz < Ce, for all qG[2,2*) 
J\y\>R 


and consequently, 




KiUn)fiUn)Undz 


< Ce 


where the above properties are valid for all n G N, and the constant C > 0. 

For R > 0 large enough, define ipn £ such that < 2/R, = 0 if |j/| < R/2, 

‘fniy) = 1 if |j/| > -R and 0 < q:>Riy) < 1, for all y G . We define also, Vn{x,y) = Un{x,y)(pR{y), so, 
= {yun)y>R +u„(Vv3_r), clearly, (v„) is bounded in E and, consequently, we have that 

On(l) = I'{Un)(Vn) = / \V y} R + a{z)uiy} ndz + / UnV(pRVUndz - / K{Un)f{Un)Un(pRdz. 

Noting that, for e > 0 small enough and R> 0 large enough, we have 


U„\/ipR\/Undz 


< e 


as well as, 




K{Un)f{Un)Uny>Rdz 


< e. 


Thus, for £ > 0 small enough and R> 0 large enough 

/ \\/Un\'^(pR + a{z)ul(pRdz <e 


so, 


/ a{z)\un\‘^dz < e. 
J\y\>R 


Similarly, you can check that 


/ ap{z)\un\'^dz < e. 

J\y\>R 


Now, we can prove the lemma 13: 


Proof. Indeed, 


I{Un) - J{Un) = _ [a{z) - ap{z)]\un\‘^dz + _ _ [a{z) - ap{z)]\un\'^dz 

r 

[a{z) - ap{z)\\un\'^dz 


'B„(0)xBh(0) 


thus, by asymptotic properties. 


/b^xBh(O) 


[a{z) - ap{z)\\un\^dz 


e 

^ 3 
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as, Un —^ 0 in L‘^{Br{0) x Bh^O)) and the limitation of the potential, 


and, 

we got that. 

Similarly, 


/_ _ [a{z) - ap(z)]\un\'^dz 

' Bp{0) X Bj{{0) 

_ _ [a{z) - ap{z)]\un\'^dz 

/Sr(0)xBr(0) 

\I{Un) - J{Un)\ -0. 

Il/'M-j'MIl ^0. 


< 


< 


In this way, we ensure that. 


J{un)—> Ca and J'('u„)(m„) 


0 . 


By Lema 7: exist (x„) C Z'^, such that (vn) C given by Vn{x,y) = Un{x + Xn,y), converges weakly to 
V £ E with V ^ 0 and J'{v) = 0. Thus, w is solution nontrivial. And so, v G Nj = {u £ E; J'{u){u) = 
0 } \ {0}, in this way. 

Cap < inf J{u) < J{v). 

ueNj 

On the other hand, 


J{v) = J{v)- -J'{v){v) 


< lim 


n - >oo 


- K{Vn)E{Vn)dz 


n—>oo 


1 


lim [l{Un) - -l'{Un){Un) 


therefore, 

J{v) < lim J(u„) = Ca 

n- 

so, Ca < Ca- A. Contradiction. Therefore, u^O. 


n —>-oo 


By applying the arguments above, we have theorem 3. 
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